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A graph is presented  which  permits  facile  determi- 
nation  of  the  dissociation  constant  for  a  macromole- 
cule-ligand complex  from gel filtration results; it  can 
be used without a detailed understanding of the re- 
mainder  of  the text. When a  solution  of  macromolecule 
and  radioactive  ligand is subjected to gel  filtration,  the 
amount  of  ligand  associated  with  the  eluted  macromol- 
ecule is easily measured.  This  quantity is then  used  for 
obtaining  the  corresponding  dissociation  constant  from 
the  graph. 
Values given in  the  graph  had  been  determined  from 
an  equation,  which is presented  in  the  text, by  means 
of a  program  which is run  on  a  programmable  calcu- 
lator (Texas Instruments SR-52). It is also demon- 
strated how the validity of dissociation constants so 
obtained  can  be  checked  independently  by  means of a 
second  calculation. A modification  of  these  procedures 
permits  determination  of  the  dissociation  constant  for 
those situations  where  there is moderate  dilution  of  the 
eluted  sample relative to that  applied  to  the  gel  filtra- 
tion  column,  and  the  graph  incorporates results from 
such  calculations. 
The successful  application of  the  present  approach  to 
the  determination  of  the  dissociation  constants  for  a 
tubulin- [3H]GDP complex is described. Also, the  poten- 
tial importance of the present approach relative to 
other  techniques  for  dissociation  constant  determina- 
tion is discussed. 
Several techniques for the determination of the dissociation 
constants for ligands bound to macromolecules, including 
equilibrium dialysis (l), membrane filtration (2), and the 
Hummel-Dryer method (3), are commonly  used  in such fields 
as enzyme mechanism study and hormone and drug receptor 
interactions. However, there  are serious drawbacks to each 
such technique. Equilibrium dialysis,  for  example, is too slow 
to be generally useful with systems of normal lability, and also 
suffers from some of the drawbacks of the Hummel-Dryer 
technique, as discussed  below. Nitrocellulose fiter assays are 
not expected to be accurate because of the necessity for 
washing the membrane-retained receptor. ligand complex, 
during which it is assumed that  the level of saturation remains 
unchanged. Also, it is assumed that  the ternary complex of 
membrane, protein, and ligand has the same binding proper- 
ties as  the protein. ligand  complex. The Hummel-Dryer tech- 
nique is limited to  a very  narrow range of macromolecule and 
ligand concentrations, especially  for  macromolecules that are 
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isolated with bound ligand after purification. The determina- 
tion of a dissociation constant would require that  the eluted 
macromolecule be saturated fractionally, for example, 50% 
saturated.  In  this case the ligand concentration in the column 
must be about equal to one-half the concentration of the 
eluted macromolecule, so that  a significant  rise above base- 
line can be observed. However, the amount of ligand eluting 
with the macromolecule must not be a significant fraction of 
the total column ligand. Also, the amount of bound ligand 
associated with the macromolecule after purification must not 
be a significant fraction of the total column ligand. Such 
considerations were  discussed in detail previously (4). Finally, 
the Hummel-Dryer method is costly  in terms of the amount 
of radioactive ligand required to equilibrate the columns. 
There is a special problem with proteins which are isolated 
with bound ligand, such as alkaline phosphatase (5) and 
tubulin, since it is difficult to determine the specific activity 
of ligands, and studying the system using substoichiometric 
amounts of ligand is precluded. 
A method is presented here which eliminates these diffcul- 
ties and should therefore be of considerable practical impor- 
tance. It is based  upon a graphical presentation of the rela- 
tionship of dissociation constant and amount of eluted ligand 
measured in a gel fitration experiment. An earlier attempt (6)  
to  relate dissociation constants with results from gel fitration 
experiments has been critically evaluated (4). 
RESULTS AND DISCUSSION 
A solution containing protein and ligand is subjected to gel 
fitration, and then  the eluted protein fraction is assayed for 
the amount of associated ligand. The relationship between 
this  amount of associated ligand and the dissociation constant 
for the  protein. ligand  complex,  assuming that equilibration is 
rapid relative to  the gel fitration process, is derived here. 
Derivation’ of the Relationship Between  a  Dissociation 
Constant  and  Ligand Dissociation during Gel Filtration 
In order to  quantitate ligand  loss as a function of column 
volume, initial protein and ligand concentrations, and disso- 
ciation constant, it is necessary to solve a conservation equa- 
tion (Equation l) and an equilibrium equation (Equation 2). 
The conservation equation relates the incremental loss of 
total ligand to  the incremental change in inner bead  volume 
that  the sample has traversed. The equilibrium equation is a 
statement of the relationship of free and bound protein and 
’ This derivation (including Equations 1 to 17, definitions of sym- 
bols, and Table I) is presented in  miniprint at  the end of this paper. 
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ligand as governed by the dissociation constant; it is explicitly 
taken into account here that protein is restricted to void 
volume space (“sample volume”) but that unbound ligand 
occupies void volume and inner  bead volume (“V”). 
The conservation equation (Equation 1) is a quantitative 
statement  that  the loss of free plus bound ligand, -d&, is 
equal to  the free ligand concentration, L/V,  times the incre- 
ment of inner bead volume, dp. It should be noted that, 
although it is true  that only free ligand can  be directly lost 
into the bead inner volume, the result of this loss is the 
immediate dissociation of a  portion of the bound ligand, SO 
that  the decrement  in LT is composed of a  decrement  in  both 
bound and free ligand (4) ,  i.e. in LT. 
The equilibrium equation (Equation 2 )  is essentially a def- 
inition of the dissociation constant K.  The relationships P = 
PT - P .  L and L = LT - P L are  substituted for P and L to 
convert Equation 2 into  an implicit function of Pa L. In  Equa- 
tion 3, Equation 2 has been rearranged to obtain an explicit 
function of P .  L .  Finally, in Equation 4, the relationship L = 
LT - P .  L is substituted with the value for P -  L as expressed 
in Equation 3; this gives L as an explicit function of LT, PT, V ,  
and K.  The purpose of these manipulations is to be  able to 
substitute  this explicit expression for L into  the conservation 
equation  (Equation 1). This substitution  results in Equation 
5, which is a differential equation expressed in  terms of the 
variables LT and p .  Rearrangement of Equation 5 to group all 
the  terms containing LT on one side results  in  Equation 6. The 
left side, which is now referred to  as “XdLT” in the derivative 
form, is rationalized by multiplying numerator and denomi- 
nator by the complex conjugate of the denominator; this 
results in Equation 7. To simplify the equations, we now 
redefine a = -PT - KV; b = 2(KV - PT);  c = KV(KV + ~ P T )  
+ PT’; g = -4KV; and Equation 7 is written as Equation 8. 
Equation 9 defines A, which is the integral form of the left- 
hand side of Equation 6. While Equation 8 relates the incre- 
mental loss of ligand upon traversing an increment of inner 
bead volume, Equation 9 relates the  total ligand loss upon 
passing through the  entire column, and shows the completed 
integration of the right-hand portion. 
Equation 9 can be treated by Treatment A, exact analytical 
treatment;  Equation 6 can  be treated by Treatment B, nu- 
merical approximation, or  Treatment C, numerical approxi- 
mation  with correction for dilution. 
Treatment A: Exact Analytical Treatment-Equation 9 
can  be expressed in terms of the  sum of three integrals, each 
of which can  be explicitly evaluated. Equation 10 shows the 
three integrals, which correspond to  the  three  terms in the 
numerator of Equation 8. The first two integrals of Equation 
10 are equal to [ L d f )  - LT(O)] and [a In LT(f)/LT(O)], 
respectively, and are included in Equation 13. The third 
integral of Equation 10 can be evaluated as a succession of 
standard forms given (7) in a  table of integrals (Equations 11 
and 12). Equation 13 is the completed integrated expression, 
with A3 as defined in  Equation 12. Since a, b, c, and g are 
functions of K, after the appropriate values of p, V, LT (o ) ,  
and Lr (f) have been substituted into A, K may be evaluated 
implicitly by a program whose main routine is a procedure 
such as Newton’s method of solution; or Equation 13 may be 
used for checking the accuracy of values of K obtained by 
Treatment B, by comparing the calculated A with - p/2V. 
Treatment B: Numerical Approximation-Equation 6 can 
be solved for the value of K under  any set of conditions by a 
program combining Newton’s method of solution and a trap- 
ezoidal approximation for the integral; the value of the integral 
obtained by trapezoidal approximation for a guess value of K 
is then utilized by Newton’s method to generate  a better guess 
value of K ,  and  this process repeated as necessary. The values 
of K so obtained are shown to be  independent of the initial 
guess and of the number of intervals taken in the trapezoidal 
approximation (Table I); such values are also shown to satisfy 
the exact  solution given in  Equation 13. For example, for the 
hypothetical  experimental conditions (Table I) given in Col- 
umn I, 0.1 nmol of protein and 0.1 nmol of ligand are contained 
in approximately 0.5 ml of solution (sample volume is about 
equal to one-half of V,  since Vis defined as the  sum of sample 
volume plus associated inner bead volume). Since p (the inner 
bead volume) equals 12 ml, the column bed volume is about 
25 ml (p 2 void volume z 0.35 X bed volume). An initial guess 
for K of 0.01 ~ L M  is used in Newton’s method for the situation 
where 30% of the initial LT is retained. The program then 
calculates  a value for K equal to 5.64 X p ~ ,  which is 
substituted into Equation 13 to calculate that -A is equal 
to +5.85, in good agreement with + p / 2 V  equal to + 6.00. 
From Equation 13, A = -p/2V, so that  the agreement of A 
with - p/2V confirms the accuracy of the calculated value for 
K.  
In Table I the values for K calculated for a variety of 
hypothetical conditions (in the absence of protein dilution) 
are given. The protein and ligand varied over a range of 100- 
fold (0.1 to 10 nmol), the sample volume applied to the column 
(equal to  about one-half of V) varied from about 0.5 ml to 10 
ml, the bed volume for the column (equal to about 2% times 
the inner bead volume, p) ranged from about 15 to 150 ml, 
and  the fractional amount of ligand eluting with the protein 
is 30 to 10%. In general, for a given set of conditions, K is 
inversely proportional to final LT/PT. Also, for a fixed final 
sample volume, and column size, K is directly propor- 
tional to PT (for example, Columns I11 and X). 
Treatment C: Numerical Approximation with Correction 
for Dilution-During gel filtration experiments the protein 
solution undergoes dilution. The sources of sample dilution 
and spreading are known to be complex and the spreading 
rate of a given species depends  on its molecular size (8-10). 
For these reasons, any  attempt  to correct  Equation 6 for the 
effects of sample dilution and spreading will lead to  an  ap- 
proximation whose error  must be evaluated. In the correction 
which is now described, it is assumed that the protein is 
diluted by a  constant percentage of its  current concentration 
for each unit increment  in column length, and  that  the effect 
of dilution on  protein and ligand will  be the same. The fist 
assumption is not rigorously correct, since no such exponential 
law has been established for gel chromatography.  Neverthe- 
less, as discussed below (“Limitations of the Gel Filtration 
Method”), the resultant correction is adequate when the 
experiment has been designed to minimize dilution. The sec- 
ond assumption is also not rigorously correct, but, since a 
large fraction of the  total ligand (which has not  yet been lost) 
is protein-bound, the ligand should exhibit dilution effects 
similar to  those for the protein. 
In order to estimate the correction for dilution, two factors 
must  be considered: (a) PT is progressively diluted, so that, 
after passage through a cumulative volume of inner bead 
volume (defined as Ap), PT at Ap (defined as PT (Ap)) is  given 
by Equation 14, from which the dilution factor a can be 
obtained in explicit form by rearrangement  to  Equation 15; 
PT (final)/PT (initial) is the ratio of the eluted to applied 
protein  concentrations. PT (Ap) must be substituted  into 
Equation 6 in place of PT. ( b )  The conservation equation  must 
be altered so as  to  take  into account the fact that dilution 
provides an additional  pathway for loss of LT from within the 
zone of volume V, so that Equation 1 must be modified to 
Equation 16. As a  result of the two changes (a and b ) ,  Equation 
6 is modified to Equation 17 where PT refers to PT (initial). 
Equation 17 can be treated similarly to Equation 6, as in 
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Treatment B. During the Newton procedure, P T  (initial) is 
multiplied by a suitable exponential factor appropriate for 
each  interval evaluated: if n = 5, then in the evaluation of the 
Fist interval the exponent is - 4 5  X 0, for the second interval 
this is -ap/5 X 1, and for the final interval this is -ap/5 X 5. 
Equation 17 was used to obtain  a graphical representation 
(Fig. 1) of the relationship of K to  LT (final) and P T  (initial) 
under a fixed set of experimental conditions, as described 
under "Example of the Use of Fig. 1 for Determining Disso- 
ciation Constants." Ordinarily, it would be expected that a 
graphical representation of the relationship of three variables 
would be three-dimensional; however, a two-dimensional rep- 
resentation is possible (Fig. 1) here because a unique value for 
the ratio  K/PT  (initial) is determined by the experimentally 
derived ratio of LT (final)/PT (initial); this relationship is 
independent of the particular value for PT (initial). For ex- 
ample, compare Columns I11 and X in Table I. 
A Difficulty in  the Experimental Determination of LT 
(Final) 
Values of LT (final) theoretically refer to the  total ligand 
(free plus bound) not lost  to the gel just  as  the protein is about 
to  elute. This consists of bound ligand in the void volume and 
free ligand in  both the void volume and in the associated inner 
bead volume; there  are about  equal amounts of free ligand in 
both phases. When the protein is eluted, that portion of the 
free ligand which is  in the inner bead volume (approximately 
50% of the free ligand) is left behind, so that ligand eluting 
with the protein is equal to P - L  + %L = LT - %L, not equal 
to Lr. This discrepancy can introduce an error  into the cal- 
culation of K when L is a significant fraction of LT (final). It 
can be seen in Table I that, for a given set of conditions, K is 
approximately inversely proportional to LT(final) over a small 
range of LT(final), so that if,  in the extreme case, L(final) = 
LT(final), then  the calculated K would  be too large by a  factor 
of no more than 2. From Equation  3  and the binomial expan- 
sion,2 when PT > LT (as at  the end of a column elution), then 
POLILT = P T / P T  + KV. Thus, after  K has been calculated, 
P. L/LT(final) should be estimated by this relationship, and, 
if necessary, a correction made in the value for LT(final) and 
then a new value for K determined by Treatment B or C. For 
example, if PT(final) equals 1 nmol and  KV = 3 nmol, P. L/ 
LT(final) = - = 0.25 and L/LT(final) = 0.75. Then the 
original LT(final) value consisted of  0.25 (for P. L)  and 0.75/2 
= 0.375 (for L), a total of  0.625. The correct value for LT(fina1) 
is approximately midway between the observed LT(fina1) and 
(observed L~(fina1))/0.625, which equals 1.6 times observed 
LT(final): thus,  the desired corrected approximation is very 
According to the binomial expansion, (1 f a)"' = 1 -ta when a 
1 
1 + 3  
-2 
< 1. Equation 3 may be rewritten 
P.L = [ LT + P; + K V ]  [ 1-  d"] 1-  (LT + PT + KV)' 
P.L = [LT+pl+ KV 1 
.[1- (1 - 2PTLT >I = PTLT (LT + PT + KV)' LT + PT + KV 
Thus, 
P. L P T  P T  
" 
- 
LT LT+ PT+ KV P T +  KV 
- " 
(when PT > LT). 
close to 1.3 times the observed LT(fina1). This correction is 
significant only for the  top curve in Fig. 1 and has been made 
in it. 
Example of the Use  of Fig. 1 for  Determining  Dissociation 
Constants 
Fig. 1 shows the semilogarithmic relationship of K/ 
PT(initid) (pM/nmol) and LT(final)/PT(initial) (nmol/nmol) 
for an arbitrarily fixed set of experimental conditions: 0.43  ml 
of a solution containing the number of nanomoles of protein 
given by PT(initia1) and an equal number of nanomoles of 
ligand are chromatographed on a 10-ml bed volume G-25 
column. The  total nanomoles of ligand associated with the 
eluted protein is LT(fina1). The relationship is shown for a 
series of possible dilutions of eluted protein relative to initial 
protein. It should be noted that  the  arbitrary conditions for 
Fig. 1 are considered to be experimentally convenient; how- 
ever,  any conditions can be used to derive a similar figure, by 
using a program which is available upon request. Also, gels 
other  than G-25 may be used, but  the program would need to 
be altered to  take  into account the relative void and inner 
bead volumes. 
As a  hypothetical example of the utility of Fig. 1, a 0.43-ml 
aliquot of a solution containing 10 nmol each of protein and 
ligand is chromatographed on a 10-ml  bed  volume  G-25  col- 
umn, and aliquots of the fraction with the highest eluted 
protein  concentration are assayed for protein and ligand con- 
centrations; the number of nanomoles of these  materials which 
would  be contained  in 0.43 ml is calculated. In  the hypothetical 
case considered, these turn out  to be 2 nmol of total ligand 
and 5 nmol of protein. The LT(final)/PT(initial) = 2 nmol/lO 
nmol = 0.20; the protein dilution PT(final)/PT(initial) = 5 
nmol/lO nmol = 0.50. Thus,  the second curve from the top 
(Fig. 1) should be consulted and the point on this curve 
corresponding to LT(final)/PT(initial) = 0.20 gives a value for 
K/PT(initial)  equal to 0.085 pM/nmol, and  K is therefore equal 
to (0.085  pM/nmol) X PT(initia1) = (0.085  pM/nmOl) x 10 nmol 
= 0.85 pM. 
Determination of the Dissociation Constant  for the 
Tubulin.  GDP Complex 
Depolymerized microtubular  protein is a mixture of tubulin 
dimers and rings, which are composed of dimers and micro- 
tubule-associated protein. The dimeric form, but not rings, is 
able to bind added t3H]GDP at an exchangeable guanine 
nucleotide binding site  (E-site) with a stoichiometry of close 
to unity and a dissociation constant equal to 0.061 pM (4),  as 
determined by the Hummel-Dryer  method (3). 
Microtubular  protein  was  prepared by a modification of the 
Shelanski assembly-disassembly procedure (1 1). Fresh pig 
brains were homogenized with an equal weight of ice-cold 
reassembly buffer (RB) (0.1 M 2-(A"morpholino)ethane- 
sulfonic acid buffer, 0.5 mM MgC12, 1.0 m~ EGTA, pH 6.8) 
containing 0.1 mM ATP in a Waring Blendor for 30 S. The 
supernatant obtained from centrifugation (30,000 rpm, 75 min, 
4"C),  in  a Beckman 30 rotor was diluted with an equal volume 
of glycerol-reassembly buffer (60.2 ml of glycerol:24 ml reas- 
sembly buffer) containing 1 mM ATP  and polymerized at 37°C 
for 30 min. The assembled microtubules were then sedimented 
(30,000 rpm, 75 min, 30°C) and  the pellet stored at -40°C 
under glycerol-reassembly buffer. 
Immediately prior to an experiment, the protein was further 
purified by another cycle of polymerization to  assure use  of 
active protein. The pellets were resuspended in reassembly 
buffer (0.1 volume of the crude supernatant) by means of a 
Dounce homogenizer and depolymerized at  0°C for 30 min. 
After centrifugation (50,000 rpm, 10 min, O"C), the superna- 
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FIG. 1. Semilogarithmic relationship of K/PT (initial), (p~/nmol) and LT (eluted)/PT (initial), (nmol/nmol) for  a gel chroma- 
tography experiment performed under a set of fixed conditions, as described under “Example of the Use of Fig. 1 for 
Determining Dissociation Constants.”. 
tant was polymerized as before. The microtubules were sedi- 
mented (50,000 rpm, 30 min, 3OoC), the pellets were resus- 
pended in reassembly buffer (0.025 volume of the crude su- 
pernatant), depolymerized (O’C, 30 min), and centrifuged 
(50,000 rpm, 10 min, OOC) to remove aggregates. ADP (168 
mM final concentration) and a trace quantity of r3H]GDP 
(0.01 mCi in 1.25 ml of protein  solution) were added: the ADP 
which does  not bind to tubulin acts via a  transphosphorylase 
mechanism (12) to convert residual GTP into GDP, thus 
assuring that the E-site is occupied with r3H]GDP. After 
desalting by means of gel filtration on a Sephadex G-25 
column, the eluted  tubulin  contains approximately 1 mol3 of 
r3H]GDP/E-site. Finally, the pooled fractions were centri- 
fuged (OOC, 50,000 rpm, 40 min) to remove ring protein by 
pelleting. The supernatant contains tubulin dimer of high 
purity, with approximately 1 mol of r3H]GDP/dimer E-site. 
Protein concentrations were calculated from A278 and  an ex- 
tinction coefficient of 1.2 A/(mg/ml) (13). 
The dissociation constant was determined by Sephadex G- 
25 gel chromatography of  0.43 ml of a solution composed of 
purified dimer at  concentrations ranging from 1.33 to 18.4 
B. Zeeberg,  manuscript  submitted  for  publication. 
p ~ ;  the flow rate was approximately 1.1 ml/min, run at 
ambient temperature, on  a column of 1 X 12.7 cm. In order  to 
obtain  eluted  fractions of minimal dilution, very small frac- 
tions were collected (in some experiments, 100-p1 fractions 
were obtained by collecting 2 drops). In  the earliest experi- 
ments, slightly larger fractions had been collected, and  the 
average value for K reported below includes these  results also. 
Aliquots of peak fractions were used for determining protein 
(either by AZ7* (13) or by the Bradford method (14)) and 
radioactivity. In a typical experiment, 0.43 ml of 8.33 p~ dimer 
(&-(initial) = 8.33 p~ X 0.43 ml = 3.58 nmol) containing 2759 
cpm/25 p1 of r3H]GDP at  the E-site was chromatographed on 
Sephadex G-25 (1 X 12.7 cm), and the eluted protein concen- 
tration (3.11 p ~ )  and radioactivity (646 cpm/25 p1) deter- 
mined. The protein dilution was, therefore, equal to 3.11 p ~ /  
8.33 p~ = 0.373, so that determination of the value for K /  
PT(initial) from Fig. 1 will require an interpolation between 
the curves for dilutions equal to 0.30 and 0.40. LT(eluted)/ 
&-(initial) was equal to (646 cpm/25 p1)/(2759 cpm/25 pl) = 
0.234. This corresponds (Fig. 1) to an interpolated value for 
K/PT(initial) = 0.014 so that K = (0.014  pM/nmOl) X 
PT(initial) = (0.014 pM/nmOl) X (3.58 nmol) = 0.050 p ~ .  The 
average value for K from a total of 16 determinations in six 
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separate  experiments is equal  to 0.038 f 0.005 p~ (S.E.).  This 0.30 X C (since the observed value equal to 0.15 X C was 
is in agreement  with  the previously determined value of K obtained for what  amounts  to a 2-fold diluted  aliquot of the 
In  duplicate  determinations at  a slower flow rate (0.35 ml/ to 0.30 C/C = 0.30, and  from Fig. 1, using the line for dilution 
min) than usual (1.1 ml/min), the average value of K was factor  equal  to 1.0, this corresponds to  K/PT(initial) = 0.215 
equal  to 0.033 p ~ ,  so that  there is no flow-rate dependence  to pM/nmol; since PT is equal  to C/2 nmol,  K = (0.215 pM/nmOl) 
the  measured  value of K. (C nmol) = 0.215 X C UM. 
equal  to 0.061 pM (4). eluted  material).  The  ratio LT(eluted)/PT(initial) is then  equal
Limitations of the Gel Filtration Method 
The two major  limitations of the  present  method involve 
the  assumptions of rapid  equilibration of protein  and ligand 
relative  to column passage time,  and  the lack of a rigorous 
theoretical  treatment of sample  dilution  during gel filtration. 
The validity of the assumption of rapid equilibration will 
depend upon the  particular  system  under  study  and  can be 
determined by showing an  invariance  for  the calculated  value 
of K at  different  column flow rates. 
The lack of a rigorous theoretical treatment of sample 
dilution  has  necessitated  the use of a simplified exponential 
decay  model (Equations 14 to 17), and  the  errors  introduced 
by this model will now be estimated:  The  protein  concentra- 
tion in the  eluted  protein  fraction is approximately 50% of the 
protein  concentration in the  sample initially  applied to  the gel 
filtration column. Presented below are two theoretical models 
for such a 2-fold protein dilution;  unlike the exponential  decay 
model (Equations 14 to 17), these models  define  two unreal- 
istically extreme  mechanisms for protein dilution.  Model (a): 
0.43 ml of a solution  with  an  amount of protein  and ligand 
equal  to C nmol  (in 0.43 m l )  is applied to  the column and is 
diluted  to  an  amount  equal  to C/2 nmol (in 0.43 ml) in the 
earliest  stages of the gel filtration process; the  protein  remains 
at  C/2 for the  remainder of the process and  is  eluted at C/2; 
the ligand is  eluted at  0.15 C. Model (b): 0.43 ml of a solution 
with  amounts of protein  and ligand equal to C nmol (in 0.43 
ml)  is  applied  to  the column and  the  protein  remains a t  C 
until  the  moment  at which it leaves the column, at which time 
it becomes C/2, and is eluted at  C/2; the ligand is  eluted at  
0.15 C. In  both models, the  protein  and ligand were applied to 
C, and were eluted at  C/2 and 0.15 C, respectively. 
The  determination of the value  for  K using Fig. 1 for the 
experiment given in  Model (a)  is  facilitated by the  observation 
that  an  equivalent  experiment would be the gel filtration of a 
solution  with  protein  and ligand equal  to C/2,  with no  protein 
dilution  during  the  chromatography process; the  ratio 
LT(eluted)/PT(initial) is then  equal  to 0.15 C/O5 C = 0.30, and 
from Fig. 1, using the line  for dilution  factor  equal  to 1.0, this 
corresponds to K/PT(initial) = 0.215 pM/nmOl; since PT is 
equal  to C/2 nmol, K = (0.215 pM/nmOl) (C/2 nmol) = 0.1075 
The  determination of the value  for K using Fig. 1 for the 
experiment given in  Model (b)  is  facilitated by the  observation 
that  an  equivalent  experiment would be  the gel filtration of a 
solution  with  protein  and ligand equal  to C, with  no  dilution 
during  the  chromatography process, and  elution of ligand at 
X CpM. 
The values  for  K obiained  in Model (a) equal  to 0.1075 x C 
p~ and  in Model (b)  equal  to 0.215 X C p~ define the  limits 
of the  range of values  that will be obtained using any model 
to  account  for  the effects of protein dilution; for the model 
used in deriving Fig. 1 (Equations 14 to 17), 0.43 ml of a 
solution with protein and ligand equal to C is chromato- 
graphed, the protein is diluted with an exponential decay 
(Equations 14-17), and the eluted protein is C/2 and the 
eluted ligand is 0.15 X C. The  value  for  LT(eluted)/PT(initial) 
is equal  to 0.15 C / C  = 0.15, and using the  line for dilution 
factor  equal  to 0.50 (Fig. l), this  corresponds  to  K/PT(initial) 
= 0.150 pM/nmOl, so that K = (0.150 pM/nmol) (C nmol) = 
0.150 X C p ~ .  Since  the  range  obtained from Models (a)  and 
(b)  is  equal  to 0.1075 X c pM to 0.215 X c pM, the maximum 
possible percentage  error  in  the value of 0.150 X C ~ M  obtained 
by the  exponential  decay model (Equations 14 to 17) is equal 
percentage  error is undoubtedly  too high an  estimate since 
the  range  obtained  from Models (a)  and  (b)  is  certainly  too 
wide for  any physically reasonable model of protein dilution. 
to (0.150 X C) - (0.1075 X C)/0.150 X C X 100% = 28%. This 
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